The modernization of the power system introduces technologies that may improve the system's efficiency by enhancing the capabilities of users. Despite their potential benefits, such technologies can have a negative impact. This subject has widely analyzed, mostly considering for-profit electric utilities. However, the literature has a gap regarding the impact of new technologies on non-profit utilities.
Introduction
Power systems are experiencing a innovation process to improve multiple aspects, such as efficiency, reliability, and security. Although new technologies play an important role, the current modernization endeavor requires the active participation of customers. In particular, demand response programs leverage communication and automation technologies so that customers can manage their loads according to the system's state. In this way, customers can make better use of the available resources and offer services, such as help reducing the stress on the system or sell energy.
The literature on demand response focus mainly on how to achieve different goals, such as reduce demand peaks and/or improve the efficiency of the system [1, 2] . These research works often consider investor owned utilities, that is, firms focused on maximizing their profits; however, little attention has been given to non-profit electric utilities (e.g., regulated or customer owned cooperatives).
Although investor owned utilities dominate the electricity markets, non-profit electric cooperatives play an important role in the economic development [3] . Besides, electric cooperatives have properties that foster the social support for renewable energy projects [4, 5, 6] . 1 On one hand, cooperatives offer transparency in the prices and allow customers to control the source of energy. Thus, the owners/members of an electric cooperative can choose to support environmental or social objectives, rather than maximize profits, as investor owned firms.
On the other hand, cooperatives present the renewable energy infrastructures as community owned, which promotes their acceptance. Also, cooperatives can inform about environmental issues and give advice on how to reduce the environmental impact, e.g., reducing the consumption of energy. 2 According to [6] , the customers of Ecopower, a renewable energy cooperative from Belgium, reduced their average demand from 4000 kWh/year to 3000 kWh/year within 3 years.
In this work we close a gap in the literature designing a demand response approach for non-profit utilities. 3 First, we show that behavioral changes enabled with new technologies can harm the system's efficiency to a large degree. This motivates the design of an incentive scheme that reduces efficiency losses. This research is important for electric utilities, which face the challenge of adapting their policies to account for new capabilities of their customers.
Literature Review
The demand response literature often considers the following objectives: reduce or shift the demand peak, maximize the social welfare (the social satisfaction with an allocation of resources), minimize costs, or some combination of these goals [1, 8] . Maximizing the social welfare may encompass the other objectives, because 1) maximizing the social welfare, assuming inelastic demand, equals to minimizing costs, and 2) reduction of demand peaks may be necessary to improve the social welfare. However, these goals do not represent the objective of regulated or non-profit utilities, because they prioritize the customer's satisfaction over profits.
In general, both non-profit and regulated utilities may choose electricity tariffs so that their revenues amounts to the costs incurred to provide the service. The cost aggregates both the operating expenses (e.g., fuel, labor, and maintenance) and the cost of the capital invested (e.g., interest, debt, and a fair rate return to investors) [9] . In particular, the average cost pricing scheme guarantees that the utility collects the estimated total cost. Game theory has been widely used in demand response studies to analyze interactions of selfish agents with conflicting interests [10, 11, 12, 13, 14, 15] . In this case, the conflict arises because customers may compete for a limited resource. Some research on demand response focus on setting up the conditions (e.g., prices, incentives) so that selfish agents reach a desired social goal. In other words, demand response attempts to coordinate not have incentives to promote reductions in demand. 3 Here we refer to non-profit utilities as customer owned utilities, regulate utilities, or electric cooperatives. agents whose individual actions could harm the society.
The seminal work in [16] introduces the price of anarchy, a measure to estimate the impact of lack of coordination of agents. In our context, the price of anarchy can quantify the effect of new technologies that, although enhance the decision making capabilities of customers, may not improve their cooperation. Thus, we can think of demand response programs as efforts to reduce the price of anarchy (i.e., to improve the efficiency of the system).
Previous works analyze possible problems created by new technologies, such as stability [17, 18] or security issues [19, 20, 21, 22, 23] . In a way, these works analyze the cost of ill designed demand response schemes. However, the price of anarchy offers a different perspective, which measure the cost of not having demand response at all. Some efforts have been made to analyzed the price of anarchy of different systems. For example, [24] analyzes the degradation of a network's performance due to unregulated traffic. Moreover, [25] studies how users who anticipate the effect of their actions reduce their utility in congestion games. However, we are not aware of works that analyze the price of anarchy of power systems with non-profit utilities.
The literature has several mechanisms to prevent efficiency losses in problems of resource allocation. For example, [26] proposes a resource allocation mechanism that has a bounded efficiency loss when users anticipate prices. On the other hand, [27] presents a pricing mechanism to implement efficient outcomes in smart grids. Although relevant, these works focus on maximizing the social welfare, that is, they consider for-profit firms. Moreover, [28] proposes the evolutionary implementation of a mechanism that guarantees efficiency and stability. This mechanism assumes that the payoff functions are additively separable in the private information of users.
Works such as [29, 30] propose decentralized mechanisms to allocate efficiently bandwidth in networks. These mechanisms satisfy the budget balance property, 4 but require a multidimensional message space, because users must report their desired allocation and the price they are willing to pay for each link of the network.
Previous works analyze the dependence of the message space with the efficiency of the mechanism. For instance, [31] analyzes the minimum space required to implement optimal allocations in exchange economies, which is larger than the number of participants and resources. Furthermore, [32] shows that one-dimensional message spaces are unsuitable to achieve optimal allocations on contractive games (games whose best response is a contraction mapping).
Contributions
At a high level, we make the following contributions:
• We analyze the efficiency loss (price of anarchy) in power systems with non-profit utilities (most of the literature in demand response considers for profit-utilities).
• We propose an incentive mechanism to prevent inefficiencies and preserves the privacy of the customers.
• We illustrate the efficiency loss and the efficacy of the mechanism through simulations.
We leverage the theory of mechanism design to propose an incentive scheme that reduces the efficiency loss. Our incentives scheme is based on the Clarke pivot mechanism [33] and preserves private information using a one-dimensional message space per each resource to be allocated. 5 We manage to design a mechanism that uses a one-dimensional space (to allocate a single resource) thanks to the properties of the system. This is possible because the wealth of each agent depends on their actions and the aggregate actions of other agents. Thus, we can decentralize decisions by sending to each agent the aggregated demand, which is one-dimensional. Likewise, users report their demand (a one dimensional signal) to the utility. The structure of the proposed mechanism is similar in philosophy to the mechanism in [34] ; however, in our case users do not communicate their marginal payoff function.
We extend the works previously published in [35, 36] in several ways: 1) we find that the efficiency loss takes place with an overuse of resources (in the inefficient equilibrium the demand can double the optimal value); 2) we prove that, in the worst case, the efficiency loss with strategic agents is arbitrarily large; 3) we show two instances of incentives that satisfy individual rationality (i.e., users have always positive surplus) and have either budget deficit or budget surplus; and 4) we generalize previous results relaxing restrictions on the price function, we only assume that the generation cost function is strictly convex.
Organization of the Paper
In Section 2 we introduce the electricity system model. We show that the average pricing scheme leads to optimal outcomes when users have limited capabilities, i.e., when they lack technologies to plan strategically their actions. Then, we show that strategic behaviors harm the systems efficiency. In particular, the main result of the paper shows that users have incentives to consume up to twice the optimal demand, which in turn reduces significantly the system's efficiency. In Section 3 we propose and analyze an incentives scheme to reach the optimal equilibrium with strategic users. We show two instances of the incentives that satisfy different properties. Finally, we conclude the paper in Section 4.
Background
In this section we introduce a model of the power system 6 and analyze the system's equilibrium with two types of users, namely non-strategic and strategic, which describe users before and after the introduction of DR technologies, respectively. The main results of this section show that strategic behaviors damage the efficiency of the electricity system. In the worst case, strategic customers consume twice the optimal amount of energy, causing an arbitrarily large efficiency degradation.
Notation
We denote vectors with bold font. Let q be a vector of size N . Thus, we define q −i as a vector with the elements of q, except the i th , i.e., q −i = [q 1 , . . . , q i−1 , q i+1 , . . . , q N ]. The norm · represents 
Finally,ḟ andf denote the first and second derivatives of the function f , respectively. Table 1 summarizes the symbols used in the document.
Model of the Electricity System
We consider a non-profit utility that provides energy to a population P = {1, . . . , N } with N customers. Let us denote by C(g) the total cost to supply a demand of g units of energy. 7 For simplicity, we ignore transmission losses, therefore, the total energy generated equals the total demand, i.e., g = i∈P q i , where q i ≥ 0 is the demand of the i th user.
We define the profit of users as the benefit earned minus the cost of the energy consumed. Here we quantify the benefit of the i th user through a valuation function v i : R ≥0 → R, where v i (q i ) represents the monetary value that the user assigns to q i units of energy. 8 Besides, the i th user pays q i p(g) for its consumption, where p(g) is the unitary price of energy, which depends on the total demand g. In summary, the profit of the i th consumer is
We make the following assumption regarding the functions of the model. 1. The valuation function v i : R ≥0 → R is twice differentiable, concave, non-decreasing, and satisfies v i (0) = 0. 2. The cost function C : R ≥0 → R ≥0 is differentiable, strictly convex, and satisfies C(g) > 0 if g > 0. 3. The average cost p(g) = C(g) g is monotonically increasing, therefore,ṗ(g) ≥ 0 for g > 0.
The electricity tariff p(·) and the behavior of users determine the equilibrium of the system. 9 In traditional power systems users cannot observe changes in prices, therefore, we assume that they cannot manifest strategic behaviors. However, new technologies grant users more information and capabilities to make decisions. Hence, users can develop strategies to anticipate the effect of their actions in the prices [33] . Below we show that the average cost price is the optimal tariff in systems with non-strategic users. Latter we prove that the selfinterest of strategic users can degrade the efficiency of the electricity system .
System with Non-strategic Users
Here we define the behavior of users before introducing DR technologies. Let us denote the surplus of non-strategic users as
wherep ∈ R is the price observed by the users. Rational users will select the demand that maximizes 8 The valuation function reflects the benefit consuming q i units of energy. For instance, a concave valuation function, such as v i (q i ) = log(1 + q i ), indicates that the value of an additional resource decreases with the total number of resources q i . 9 The equilibrium of a power system has the form of a Nash equilibrium, which describes situations where no user has incentives to change its demand unilaterally (see Definition 2). their surplus, given the constant pricep that they observe. Hence, each user solves the following optimization problem
From Assumption 1 the surplus in (1) is concave; hence, the previous problem has a unique solution, denoted byq i , which satisfies [37, 38, 39] 
The previous expression implies that all users with positive demand (q i > 0) have the same marginal valuation in the equilibrium. The utility can select price schemes that allow users reach efficient demand profiles (or allocations of resources) acting independently. Below, we introduce the concept of Pareto optimal allocation and leverage the second welfare theorem to show that the average pricing scheme leads to a Pareto optimal allocation. 10
Pareto Optimality
We define the Pareto efficiency criteria as follows [40] :
Pareto optimal (or Pareto efficient), given some pricep, if there is no other allocationq such that U i (q i ,p) ≥Ũ i (q i ,p) for all i ∈ P, with strict inequality for some i ∈ P.
From this definition, it follows that an allocatioñ q that maximizes the consumer surplus, defined as iŨ i (q i ,p), is Pareto optimal. In other words, no other allocationq would improve the benefit of users without affecting any of them, otherwise,q would attain a higher social surplus thanq, which leads to a contradiction.
Optimality of the Average Cost Pricing
With the following optimization problem we express the problem of finding the system's equilibrium, represented by the tuple (p,q), that maxi-mizes the customer surplus maximize q1,...,qN ,p i∈PŨ
The restriction in (3a) is a budget constraint required to guarantee that the total payments by the users ( q p) cover the production costs C ( q ). 11 Moreover, (3b) captures the optimal response of the users (conditions in (2)). The following result shows that a system with the average cost pricing has a Pareto efficient equilibrium that maximizes the customer surplus.
Theorem 1. Consider non-strategic users with surplus given by (1) and a generator with cost C(·) satisfying Assumption 1. Then, the average cost price function
leads to a Pareto equilibrium.
The Appendix contains the proof of this and the remaining results.
System with Strategic Users
In this subsection we formulate the profit of strategic users as a function of both the total demand g = q and the user's demand q i
where
represents the payment function of the i th user. We make the following assumption to guarantee that the profit of the individuals
As users improve their decision capabilities, the system's equilibrium changes; however, the system's efficiency may decrease. Before analyzing the efficiency of the system, we need introduce both the optimal equilibrium and the equilibrium that users reach pursuing their own interests. Later we investigate the relation between these equilibria.
Optimal Equilibrium
The demand µ ∈ R N ≥0 that maximizes the customer surplus (our efficiency metric), given the average cost price, solves the following optimization problem maximize q1,...,qN i∈P
From Assumption 1 the consumer surplus is strictly concave, therefore, there is a unique optimal solution that satisfies the following conditions [37] 
otherwise.
(7)
Nash Equilibrium
We analyze the interactions of users using the Cournot competition model, in which users individually and simultaneously select the quantity that they want to consume [42, 40] . Particularly, we define the game as a 3-tuple G = P,
where P is the set of players (or customers), Σ i = R ≥0 is the set of available strategies (consumption of electricity) and U i : Σ 1 × · · · × Σ N → R is the surplus function of the i th player.
The equilibrium concept used in game theory is the Nash equilibrium (NE) [43, 44] , defined as follows.
From this definition we know that rational agents will choose ξ i when the other users choose ξ −i . In other words, ξ i is the demand that solves the following optimization problem
From Assumption 2 we know that the problem in (8) is concave, and therefore, it has only one solution (given some ξ −i ) that satisfies the following conditions
otherwise. (9) Moreover, we can use the results by Rosen [45, Theorem 2] to prove that the Nash equilibrium of G, denoted by ξ, is unique.
Electricity System Inefficiency
From the equilibrium conditions in (7) and (9) we know that µ = ξ. In other words, the user's individual interests are not aligned with the collective interests. Particularly, the following result shows that users consume more resources in the NE.
Theorem 2. Suppose that Assumption 1 is satisfied. Let µ and ξ be the optimal and the Nash equilibrium (see (7) and (9)), respectively. Then, all users consume more resources in the NE, that is,
We use the concepts of the tragedy of the commons and the price of anarchy to analyze the efficiency loss 13 of the electricity system. On one hand, the tragedy of the commons is a situation in which the self interest of users leads to overuse of resources, despite of the harm to the society [46] . This occurs because the negative effects are shared by the community. Pitifully, the benefit of the community decreases when all individuals overuse resources. We define the tragedy of the commons as follows.
Definition 3 (Tragedy of the commons). At the optimal outcome, every agent has incentives to consume more resources.
Observe that the game G suffers the tragedy of the commons, since: i) every user has incentives to consume more than the optimal value of energy (ξ i ≥ µ i ); and ii) the self interest leads to an undesired social outcome. In particular, the next result shows that users can consume twice the optimal demand in the NE (when the price function p(·) is linear). Lemma 1. Suppose that Assumption 1 is satisfied and assume thatĊ(·) is unbounded. If the users have the same valuation function withv i (0) > p(0) and if the price function p(·) is linear, then the demand ratio ξ / µ → 2 as N → ∞.
On the other hand, the price of anarchy is the ratio between the worst possible NE and the social optimum [47, 33] . The next Theorem shows that the price of anarchy equals zero, that is, the customer surplus in the worst case NE is arbitrarily smaller than customer surplus in the social optimum. In contrast, systems with marginal cost prices, reduce their efficiency in at most 1/4 [25] .
Theorem 3. Suppose that Assumption 1 is satisfied and assume thatĊ(·) is unbounded . Let µ and ξ be the optimal and the Nash equilibrium (see (7) and (9)), respectively. Then, the efficiency loss, that is, the ratio of the customer surplus with the worst case NE and that of the optimal outcome, satisfies
with equality when all users have the same linear valuation withv i (0) > p(0), p(·) is linear, and N → ∞.
Remark 1. According to Theorem 3, the worst case of efficiency loss occurs when N → ∞. Here we are not suggesting that the population grows to infinity, but that the efficiency loss aggravates with the size of the population.
We can model the impact of inelastic loads by setting a minimum demand for each user (to account for the demand of appliances that do not react to prices). The total demand with these restrictions, denoted ||μ||, may be higher than the optimal demand without restrictions, that is, ||µ|| ≤ ||μ|| ≤ ||ξ||. Thus, we can conjecture that inelastic loads can reduce the efficiency loss, because they can reduce the distance between the optimal and the inefficient demand. where the parameter α i characterizes the valuation of the i th agent (we select α i = 10 for all i ∈ P). On the other hand, we define a quadratic generation cost function C(q) = βq 2 + bq, and the unitary price function as p(g) = C(g) /g = βg + b, where β = 1 and b = 1. Since all users have the same valuation function andv i (0) < p(0), then the individual demand is positive (see (9)). Fig. 1a shows that the demand ratio ξ / µ closes to 2 for large populations, as expected from Lemma 1. On the other hand, Fig. 1b shows that the efficiency ratio r(ξ, µ) tends to zero, confirming the worst efficiency loss from Theorem 3.
These results show that lack of coordination harms the efficiency of the system. In particular, the users can consume up to twice the optimal demand and obtain a small fraction of the optimal surplus. Next we propose an incentive scheme that mitigates the system's inefficiencies.
Users g q 1 , . . . , q N Figure 2 : Scheme of a decentralized price mechanism. The utility broadcasts the total demand so that each agent can determine its optimal demand.
Incentives-Based Mechanism
The efficiency loss of the Nash equilibrium motivates the design of an incentives mechanism to improve the equilibrium in strategic environments [40, 48] . In this section, we introduce a price mechanism that improves the efficiency of the system when users are strategic. Also, we show two instances of the mechanism with different properties.
From the perspective of mechanism design, the principal (in this case the utility) can design the payoff structure of the game to reach a desired social goal. Hence, the principal intervenes to guarantee that selfish users reach an equilibrium that maximizes the customer surplus; this considering the private information held by each agent, necessary to calculate the optimal outcome. Summarizing, mechanism design consists in designing a solution system to a decentralized optimization problem with private information [48] . A mechanism M = {Σ 1 , . . . , Σ N , o(·)} defines a set of strategies Σ i for each player and an outcome rule o : Σ 1 × . . . × Σ N → O that maps from the set of possible strategies to the set of possible outcomes O [40] .
Here we propose an indirect revelation mechanism, which avoids the revelation of private information, and uses a one-dimensional message space (see Fig. 2 ). In this mechanism, the users communicate their demand q i to the principal, who in turn calculates and broadcasts the total demand q to the users. 15 Then, users use the incoming information to adjust their demand. In this mechanism the users have the same strategy space ((Σ i ) i∈P ) as in the original system (game G).
The outcome rule o(·) of the mechanism returns the payment for each user; hence, o(·) = [o 1 (·), . . . , o N (·)] and the outcome space is O ≡ R N ≥0 . The outcome rule o(·) must guarantee that the game has a NE equal to the optimal outcome µ.
To this end, we modify the payment function t i (·) adding an incentive I i (·) that aligns the users' profit with the population's objective function (customer surplus). We achieve this by selecting a function I i (·) that estimates the externalities (or the impact on prices) caused by the i th user.
Let the payment of the i th user be
with incentives of the form
where q −i = q − q i and the function h( q −i ) estimates the electricity price without the i th user in the system. We choose this incentive structure because each user only knows its own demand q i and the total demand q , ignoring the precise demand of other users. Furthermore, we assume that users are indistinguishable in the system; hence, two users with the same demand impose the same externalities to the system. The form of this incentive is related to the price used in the VCG mechanism [33] and some payoff functions used in potential games [49] .
Introducing the incentives in (12) we obtain a new game defined as the 3-tuple G I = P, (Σ i ) i∈P , (W i ) i∈P , where P is the set of players, Σ i is the set of available strategies of each player, and W i : Σ 1 × · · · × Σ N → R is the surplus function of the i th player, defined as
Observe that the NE of the game G I has the same equilibrium conditions than the optimal outcome in Section 2.4.1; hence, the NE of G I is equal to the optimal equilibrium µ.
Mechanism's Properties
Now we analyze the properties of the incentive mechanism and provide of two instances that have different properties. First, let us define some desirable properties of mechanisms, namely budget balance and individual rationality.
Budget Balance
It is desirable to make the net payments equal to zero, that is, guarantee that the sum of charges is equal to the total cost [33] . In this way the system doesn't require external subsidies nor imposes taxes on the population. This property is known as budget balance, and is defined as follows Definition 4. A mechanism that implements pay-
Note that the original game (G) satisfies the budget balance property, because the total payments equal the generation cost (see (4)). Therefore, we need that i∈P I i (q) = 0 to preserve the budget balance in G I . However, the next theorem shows that it is impossible to find a function h(·) that balances the amount of rewards (price discounts) and penalties (price increment) imposed to customers. Consequently, the mechanism requires either inflow or outflow of resources.
Theorem 4. Suppose that Assumption 1 is satisfied and let p(·) be the average cost price function. Then there is no function h(·) such that a mechanism with payments defined by (11) satisfies the budget balance property.
This result is an analogous to the Myerson-Satterthwaite impossibility theorem [50] , which states the impossibility of designing a mechanisms with ex-post efficiency and without external subsidies in games between two parties. However, Theorem 4 considers a particular case with 1) nonlinear prices (subject to Assumption 1) and 2) the customer surplus as the maximization criteria, rather than the aggregate surplus.
Individual Rationality
The utility company cannot force users to sign contracts accepting the incentives scheme. Hence, the mechanism must ensure that every user voluntarily decides to join the system with incentives (game G I ). In particular, a rational user would accept a mechanism if it guarantees higher benefits participating. This property is called individual rationality and is defined as Definition 5. A mechanism is individual rational if the surplus at the equilibrium is larger than zero, that is, W i (µ) ≥ 0.
The following result shows the conditions to guarantee that the proposed mechanism satisfies the individual rationality. Proposition 1. Let Assumption 1 be satisfied. Consider a mechanisms with payments given by (11) . If h( µ −i ) − p( µ −i ) ≥ 0, then the mechanism is individually rational.
Examples of Incentives
Here we present two instances of individual rational incentives that satisfy either budget deficit or surplus. On one hand, the following result shows an instance of a mechanism that has budget deficit, that is, i∈P o i (q) ≤ 0. This implies that the mechanism requires external subsidies to operate. Proposition 2. Let Assumption 1 be satisfied. A mechanism with payments given by (11) with h(g) = p (g) (13) satisfies the individual rationality property and has budget deficit, i.e., i∈P o i (q) ≤ C( q ) (or equiv-
On the other hand, the following result shows a mechanism that has budget surplus, that is, i∈P I i (q) ≥ 0, which implies that the mechanism imposes taxes on users. Proposition 3. Let Assumption 1 be satisfied. A mechanism with payments given by (11) with
satisfies the individual rationality property and has budget surplus, i.e., i∈P o i (q) ≥ C( q ) (or equivalently i∈P I i (q) ≥ 0). Table 2 shows a summary of the properties of incentives with h(·) given by (13) and (14), denoted I d (·) and I s (·), respectively. Figure 3 : Customer surplus with and without incentives for different population sizes. The mechanism with budget deficit generates less profit for the users, but the profit is positive.
If the unitary price function is p(g) = C(g) /g = βg + b, then the incentives from Table 2 are
and Fig. 3 shows that the mechanism with budget deficit (I d ) generates less profit for the society, but the profit is positive (because the mechanism is individual rational). Furthermore, the mechanism with budget surplus (I s ) does not have a notorious effect in the customer surplus (in the simulations 0 ≤ i∈P I s i (q) ≤ 0.0983).
Conclusions and Future Directions
In this work we find that, without a proper coordination, users who become strategic (thanks to new technologies) can harm the efficiency of the power system. Particularly, with the average cost prices, the efficiency loss can be arbitrarily large, while systems that use marginal cost prices have an efficiency loss of at most 1/4 [25] . Furthermore, in the worst case NE the users consume twice the optimal energy.
We propose an indirect revelation mechanism to improve the efficiency of the system. Our mechanism uses a one dimensional message space and avoids revelation of private information. We show two instances of the mechanism that satisfy either budget deficit or budget surplus. Furthermore, the properties of the mechanism guarantee that users would join the incentives program voluntarily, since they have non-negative surplus.
In this work, we use a stylized power system model to facilitate the analysis, however, it is important to consider the stochastic nature of both demand and generation and temporal interdependencies of the demand.
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Appendix
In this section we include the proofs of the results introduced in the paper.
Optimal Price Function in Non-strategic Settings
The following proof demonstrates that the average cost price function maximizes the customer surplus when users are non-strategic.
Proof of Theorem 1. The proof has two steps. First, we show that the system's equilibrium (p,q), withp = C ( q ) / q (the average cost evaluated at the efficient outcomeq) maximizes the customer surplus of non-strategic users (see (3)). However, the optimal pricep, which is constant, depends on the optimal allocation, which is unknown beforehand. In the second step we show that a power system with the average cost price function p( q ) = C ( q )/ q clears with the efficient allocationq. In other words, with the average cost price function the system's equilibrium maximizes the customer surplus.
Step (i): Let us define the restrictions of the optimization problem in (3) as
where (p, q) is a system's equilibrium. The Lagrangian of the problem in (3) is
The tuple that maximizes the customer surplus, denoted (p,q), satisfies the following first order necessary conditions [38, 39] ∂L(q,p, λ, η)
with φ i =v i (q i ) −p, ψ =Ċ ( q ) −p, λ k ≥ 0, and η i ≥ 0, for i ∈ {1, . . . , N } and k ∈ {0, . . . , N }. Let us assume by contradiction that the cost restriction (15) does not bind. Therefore, Ψ(q,p) ≤ 0, which implies thatp ≥ C ( q ) / q > 0 (the rightmost inequality follows because C( q ) > 0 if q > 0). Thus, we need λ 0 = 0 to satisfy (19) . Moreover, for every user i withq i > 0 we have λ i = 0 and φ i = 0 to satisfy (20) and Φ i (q i ,p) = 0 (see the equality constraint in (16) ). Also, wheñ q i > 0, η i must be positive to satisfy (17) .
With the previous considerations (18) becomes
Observe that if the valuation function v i (·) is concave, thenv i (q i ) ≤ 0. Thus, (21) holds only if v i (q i ) = 0; however, since φ i = 0, we know thaṫ v i (q i ) =p = 0. This leads to a contradiction, becausep ≥ C ( q ) / q > 0.
In conclusion, the cost constraint in (15) must bind in the equilibrium that maximizes the customer surplus. Hence, the price at the equilibrium is equal to the average cost.
Step (ii): Now, let us use the average cost pricing function p( q ) = C ( q ) / q instead of a constant price. Here we intend to prove that the system has only one equilibrium, which corresponds to the Pareto optimal allocation. Let us assume by contradiction that the system has two equilibria, namely the optimal allocationq and a different allocationq withq i =q i for some i ∈ P. First, let us assume thatq i >q i > 0, then, v i (q i ) <v i (q i ). Our previous hypothesis, together with the optimal response of users (see (2) ) and the average cost pricing, leads tȯ v i (q i ) =p( q ) <v i (q i ) =p( q ).
Since all users have the same marginal valuation, the previous expression holds for every user with positive demand. This implies thatq i >q i for every i withq i > 0; hence, we conclude that q > q . Observe that (22) is true if the tariff p(·) strictly decreases with the total consumption, which contradicts Assumption 1. Hence, our initial assumption thatq i >q i is false. Furthermore, we can construct a similar argument to show thatq i <q i is false as well. Therefore, the system with the average pricing function allows only one equilibrium, which corresponds to the efficient allocation.
Efficiency Loss in Strategic Settings
This proof shows that the optimal equilibrium and the NE in strategic settings are distinct; hence, this result shows that the system's NE is inefficient. The next section investigates the efficiency loss in the NE with respect to the optimal equilibrium.
Proof of Theorem 2. In this proof we show first that ||µ|| ≤ ||ξ|| and then we prove that µ j ≤ ξ j for all j.
First, let us assume by contradiction that ξ < µ , hence, there exist some j such that µ j > ξ j > 0 with the following equilibrium condition (see (7)) v j (µ j ) =Ċ( µ ) ≥Ċ( ξ ), whereĊ(g) = p(g)+gṗ(g) (see (4) ). We can use the equilibrium conditions in (9) to express the previous inequality aṡ
Since µ j > ξ j , thenv j (µ j ) <v j (ξ j ), because v i (·) is concave and increasing; hence, (23) is true if ( ξ − ξ j )ṗ( ξ ) < 0, which is not possible, since ξ − ξ i ≥ 0 andṗ(·) > 0 (see Assumption 1) . From this contradiction we conclude that ξ ≥ µ . Now, let us assume by contradiction that there exists some j such that µ j > ξ j . With the same argument used at the beginning of the proof we conclude thaṫ
However, the previous expression requires that ( ξ − ξ j )ṗ( ξ ) < 0, which is not possible. Therefore, we conclude that µ j ≤ ξ j for all j ∈ P.
Price of Anarchy
Here we undertake the task of investigating the price of anarchy when users become strategic. First, we analyze how the total demand changes as the number of users increases. Later, we find the conditions in which the ratio of demand ξ / µ reaches the upper bound. These results allow us to prove that the efficiency loss is arbitrarily large.
The first result shows that the total demand of the system cannot decrease as the number of users increases. In particular, it can occur that only a subset of users with high valuations can afford the electricity prices (see (9) ). Hence, the demand does not necessarily increase as the population grows.
Proposition 4. Suppose that Assumption 1 is satisfied and let ξ andξ be the Nash equilibrium of two systems with P andP users, respectively. If P ⊆P, then ξ ≤ ξ .
Proof. We assume by contradiction that the total demand in the NE strictly decreases with the number of users, that is, ξ > ξ . Hence, at least one user j ∈ P reduces its demand, that is, there exists some j such that ξ j >ξ j > 0. From (9) we know thatξ j satisfieṡ v j (ξ j ) =ṫ j (ξ) = p ξ +ξ jṗ ξ .
The right hand side of (24) is increasing with respect toξ j (see Assumption 1) . Therefore, we can find an upper bound ofv j (ξ j ) replacing in the right hand side of (24)ξ j by k j = δ +ξ j , where δ = ξ − ξ > 0 (the inequality follows from our initial assumption), resultinġ
Now, we can use our hypothesis ξ j >ξ j and (24) to obtain an upper bound of (25)
Thus, from (25) and (26) 
From Assumption 1 we know thatṗ( ξ ) > 0. Since δ > 0, (25) implies thatξ j > ξ j , contradicting our initial assumption. Therefore we conclude that the total demand cannot decrease with the number of users, i.e., ξ ≤ ξ .
The following result shows some conditions to guarantee that all users have a positive demand.
Lemma 2. Suppose that Assumption 1 is satisfied. If all users have the same valuation function (v i (x) = v(x) for all x ≥ 0) andv(0) > p (0), then they will have positive demand in the equilibrium, i.e., ξ i > 0 for all i ∈ P.
Proof. If all users have the same valuation function, then they will have the same demand, that is, ξ i = ξ for all i ∈ P and ||ξ|| = N ξ. Therefore, the equilibrium conditions in (9) become
Otherwise.
Observe thatv(ξ) is decreasing and p(N ξ)+ ξṗ(N ξ) is increasing (see Assumption 2). Therefore, iḟ v(0) > p (0), then there exists some ξ > 0 such thatv(ξ) = p (N ξ) + ξṗ (N ξ).
In order to analyze the case in which every user has a positive demand, we assume that all users have the same valuation withv i (0) > p(0) for all in i ∈ P. In this way we guarantee that ξ i > 0 (see Lemma 2) . The next Corollary shows that under the previous conditions the total demand strictly increases with the size of the population N . 
for all x ∈ R and i, j ∈P. Consequently, all users will have the same demand, in other words, ξ i = ξ i ∈ P andξ j =ξ for all j ∈P and the total demand for each system will be equal to ξ = N ξ and ξ = (N + 1)ξ. Furthermore, ifv(0) > p(0), then ξ,ξ = 0 (see Lemma 2) .
Let us assume by contradiction that both systems have the same demand, i.e., ξ = ξ = g, which leads to N N +1 ξ =ξ. Therefore, the larger population consumes les energy, that is, ξ >ξ. Hence, from the equilibrium conditions in (9) we geṫ v(ξ) = p(g) +ξṗ(g) < p(g) + ξṗ(g) =v(ξ).
The previous expression implies thatξ is greater than ξ, which contradicts our initial hypothesis. Therefore, ξ = ξ , and from Proposition 4 we conclude that when all users have the same valuation the total demand strictly increases with the number of users, that is, ξ < ξ . Now, we show that if the marginal cost functioṅ C(·) is unbounded then the total demand reaches a boundary as the population grows. If the cost function is bounded, then users would consume any amount of energy without paying significant prices. Lemma 3. Suppose that Assumption 1 is satisfied. IfĊ(·) is unbounded, then the total demand reaches an upper bound as the number of users increase. That is, µ → K o and ξ → K s as N → ∞, for K o , K s ∈ R. Moreover, if all users have the same valuation function withv i (0) > p(0), then the individual demand decreases as the population grows, that is, µ i → 0 and ξ i → 0 as N → ∞.
Proof. Let us assume by contradiction that the optimal aggregate demand µ is unbounded, that is, µ → ∞ as N → ∞. Hence, for every user i with positive demand µ i > 0 the following equilibrium condition follows from (7) lim N →∞v
Hence, our initial hypothesis imply thatv i (µ i ) → ∞ as N → ∞, which contradicts Assumption 1 because v(·) is not differentiable. Therefore, we conclude that ifĊ(·) is unbounded, then the total demand is bounded, that is, there exists some K o ∈ R such that µ → K o as N → ∞. Moreover, we can use a similar argument to prove that the aggregate demand in the NE ( ξ ) is also upper bounded by some positive number K s .
Besides, if all users have the same valuation function, i.e., v i (x) = v j (x) = v(x) for all x ∈ R and i, j ∈ P, then they have the same demand, that is, ξ i =ξ and µ i =μ for all i ∈ P. If the total demand is bounded, then
Therefore, the demand of each userμ tends to zero as N grows. Likewise,ξ → 0 as N → ∞.
With the previous results we can prove that the demand ratio ξ / µ reaches an upper bound as the number of users increases (if the price function p(·) is linear).
Proof. If v i (x) = v j (x) = v(x) for all x ∈ R and i, j ∈ P, then all users have the same demand, that is, ξ i =ξ and µ i =μ for all user i ∈ P. From Lemma 3 the demand of users tends to zero as the number of users increase. Hence, the equilibrium conditions in (7) and (9) lead to lim N →∞v
and lim N →∞v
From (27) and (28) we obtaiṅ v(0) = p( ξ ) = p( µ ) + µ ṗ( µ ).
If p(·) is linear then ξ = 2 µ .
The next theorem shows that the price of anarchy equals zero, that is, the customer surplus in the worst case NE is arbitrarily smaller than the social optimum.
Proof of Theorem 3. Observe that only users with positive demand affect the efficiency ratio, because U i (0, q −i ) = 0 (see (5) ). Therefore, henceforth we assume that µ i > 0. Now, let us find an upper bound of the aggregate valuations at the Nash and the optimal equilibria. On one hand, from the concavity of the valuation
Summing over all users and using the conditions of the optimal equilibrium in (7) we obtain
On the other hand, from the concavity of the valuation functions we obtain
Likewise, summing over all agents and using the conditions of the Nash equilibrium in (9) results 16
where A(ξ, µ) = ( ξ − µ )p( ξ ) and B(ξ, µ) = i ξ i (ξ i − µ i )ṗ( ξ ). Since ξ i ≥ 0 and ξ ≥ µ , we can obtain the following lower bound of B(ξ, µ)
With (30) and (31) we express the efficiency ratio as
where Γ(ξ, µ) = A(ξ, µ) +B(ξ, µ). Let us represent the right hand side of (32) as the following function that depends on the total valuation i v i (µ i ) 16 Observe that (29) and (30) where x = i v i (µ i ), y = C( ξ ) − Γ(ξ, µ) and z = C( µ ). We know that 1 ≥ Ξ(x), which implies that y ≥ z; therefore, the function Ξ(x) is increasing with respect to x.
The function in (33) help us to find a lower bound to the efficiency ratio. Observe that Ξ(x) ≥ Ξ(x−ǫ), for ǫ ≥ 0. Hence, we obtain a lower bound replacing i v i (µ i ) by its lower bound in (29) , resulting
where D(ξ, µ) = µ (p( ξ ) − p( µ )). Note that (34) holds with equality when the valuation functions are linear, because in that case the inequality in (29) holds with equality. Finally, if p(·) is linear, then the right hand side of (34) becomes
From Lemma 3 we know that ifĊ(·) is unbounded and all users have the same valuation, then ξ i → 0 as N → ∞. Therefore, ξ → 0, which leads (35) tõ
where η = ξ / µ . From Lemma 1 we know that when all users have the same valuation η → 2 as N → ∞, which makes (36) equal to zero. Hence, the worst efficiency loss occurs when all users have the same linear valuation function, the price p(·) is linear, and N → ∞.
Properties of the Mechanism
This subsection shows results related with the impossibility of having a mechanism that satisfies budget balance and we prove the properties of two instances of the mechanism. Let us introduce some notation for the following results. Let θ = i∈P q −i = (N − 1) q and ρ i = q −i /θ, which satisfies i∈P ρ i = 1. The previous variables allow us to rewrite the total incentives as i∈P I i (q) = θ i∈P ρ i h(ρ i θ) − p θ N − 1 .
(37) The following proof shows that it is not possible to have mechanisms with the budget balance property.
Proof of Theorem 4. Let us assume by contradiction that there exists some function h(·) such that the incentives satisfy i∈P I i (q) = 0. Therefore, we can rewrite (37) as
Now, we consider two scenarios. First, if all users have the same consumption, represented by the vectorρ withρ i =ρ j = 1 N for all i, j ∈ P, then, (38) becomes
Second, if all except one user have positive consumption, represented by the vectorρ withρ i = 0 andρ j = 1 N −1 for all j = i, then, assuming that lim ρj →0 ρ j h(ρ j θ) = 0 (38) becomes
Equations (39) and (40) are valid only when θ = 0 (for N finite). Therefore, we find a contradiction and conclude that we cannot find a function h(·) that satisfies the budget balance property.
The next result shows the conditions to have incentive compatibility in a mechanism.
Proof of Proposition 1. Let us consider a vectorμ equal to µ except for its i th entry, which is equal to zero. Hence,μ j = µ j for all j = i andμ i = 0, which leads to μ = μ −i = µ −i . From the optimality condition in (7) we know that
The next result shows an instance of the proposed mechanism that has budget deficit.
Proof of Proposition 2. Observe that h(·) in (13) is increasing, because p(·) is increasing. Therefore,
Hence, we conclude that i∈P I i (q) ≤ 0.
Moreover, h( µ −i ) = p( µ −i ), satisfying the conditions of Proposition 1.
The next result shows an instance of the proposed mechanism that has budget surplus.
Proof of Proposition 3. With (14) we can write
where z i = θkρ i and k = N N −1 . Let t(g) = gp(g), which is convex (see Assumption 2), then
(41) Here we have that i∈P z i = kθ, therefore (41) becomes
We can use the lower bound (42) in (37) to show that i∈P I i (q) ≥ 0. Moreover, we know from Proposition 1 that this mechanism is individually rational since h( µ −i ) = p( N N −1 µ −i ) ≥ p( µ −i ). The inequality follows since p(·) is increasing (see Assumption 1).
Experimental Setup
The stability of the system depends on its dynamics, i.e., on how customers update their actions in response to price changes. We assume that each customer uses a load management system that finds the action (i.e., demand) that maximizes either U i or W i (if the customers receive incentives). Here we leverage the theory of population games to define the system's dynamics that guarantee stability and convergence to either ξ or µ (in the case with incentives).
In particular, we assume that each load management system has built-in some evolutionary dynamics configured maximize the customer's profit [51, 52, 53] . The evolutionary dynamics describe how populations of agents, who participate in a game, update their strategies to maximize a fitness function. We can maximize the customer's profit making the fitness function equal to the marginal profit; thus, the evolutionary dynamics resemble a distributed gradient based optimization method [54, 55] . We use the evolutionary dynamics because, thanks to the concavity of the surplus functions, we can guarantee that the system is asymptotically stable.
We configure the evolutionary dynamics as follows. Each customer has some resources (e.g., energy) and decides whether to use them to perform tasks (e.g., turn on appliances). In other words, the customers have two strategies, whether to use or not the resources. In this case, the benefit of using the resources equals to the marginal profit. On the contrary, idle resources do not report benefits nor losses. Thus, in the equilibrium both strategies give the same benefit, that is, the dynamics balance the benefit between both strategies. This also implies that in the equilibrium the marginal profit equals to zero, as required to satisfy the FOC.
We find the optimal equilibrium and the Nash equilibrium using the Population Dynamics Toolbox in [56] . We refer the interested reader to [57] for more details on the implementation.
